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ABSTRACT: The COLUMBUS program system provides the
tools for performing high-level multireference (MR) computations,
including the multireference configuration interaction (MRCI)
method and its multireference averaged quadratic coupled cluster
(MR-AQCC) extension, allowing computations on a wide range of
fascinating atomic and molecular systems, including the treatment
of open-shells and complicated excited state phenomena. The
inclusion of spin−orbit coupling (SOC) directly within the MRCI
step enables the description of systems containing heavy elements,
such as lanthanides and actinides, whose properties are strongly
influenced by SOC. Analytic energy gradients and nonadiabatic
couplings at the correlated MRCI level provide the foundation for a variety of dynamics studies, giving insight into ultrafast
photochemistry. New and ongoing method developments in COLUMBUS include the computation of spin densities, improved
descriptions of ionic states, enhancements to the AQCC method, and the porting of COLUMBUS to graphical processing units
(GPUs). New external interfaces enable an enhanced description of electronic resonances and molecules in strong laser fields. This
work highlights these new developments while providing a detailed account of the diverse applications of COLUMBUS in recent
years.

1. INTRODUCTION
Within the last decades, quantum chemistry has become an
indispensable component of molecular science investigations.
Whereas ground-state reactivity can often be described using
standard density functional theory (DFT) computations, there
are significant and vital classes of problems where DFT fails,
most notably in cases involving strongly correlated electrons,
distorted structures, broken bonds, and doubly excited
states.1,2 In such cases, multireference (MR) methods provide
an attractive option by allowing the treatment of all relevant
electronic configurations of a given molecular system on an
equal footing. Aside from accurate energies, it is often also
essential to be able to compute other electronic properties,

including energy gradients, allowing one to determine
molecular geometries and their dynamic evolution, transition
dipole moments for optical transition strengths, as well as
nonadiabatic (NAC) and spin−orbit coupling (SOC) matrix
elements to determine interstate transition probabilities.
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In the spirit of the above discussion, the purpose of
COLUMBUS is to provide a platform for flexible and high-
level multireference computations along with the functionality
to compute the relevant properties and interstate coupling
terms. Within the landscape of multireference programs,
COLUMBUS stands out through its flexible multiconfigura-
tional self-consistent field (MCSCF) module and its flexible,
powerful, and well-parallelized multireference configuration
interaction (MRCI) module. The latter includes an extension
for variational spin−orbit configuration interaction and various
extensivity corrections. Furthermore, COLUMBUS provides
energy gradients, nonadiabatic couplings, spin−orbit couplings,
and other electronic properties at the MRCI and MCSCF
levels.
The purpose of this paper is to present the computational

capabilities of COLUMBUS, including ongoing developments,
and to illustrate them through a range of recent applications.
We start with a brief overview of the program structure and
main capabilities of Columbus (Section 2). Subsequently,
Section 3 introduces recent advances, including the computa-
tion of MCSCF spin densities within the originally spin-free
graphical unitary group approach (GUGA), new treatments of
ionic states as defined in valence-bond theorylong
recognized as a challenge3−5 for many multireference frame-
worksand a detailed account of the averaged quadratic
coupled cluster (AQCC) approach within a linear response
formalism (AQCC-LRT). This section also covers current
e>orts to port COLUMBUS to GPUs and highlights two new
external interfaces, used for computing electronic resonances
and modeling attosecond experiments, respectively. Section 4
presents selected case studies where multireference methods
are essential, including calibration of the semiempirical
fractional occupation number weighted electron density
(FOD)6 method against multireference unpaired densities
and applications to graphene defects, phenalenyl oligomers,
polyradicals, and ionic hydrocarbons. We conclude this part

with the intricate case of a uranium−uranium bond, where
both multireference and SOC e>ects are significant. Section 5
focuses on excited-state treatments, beginning with the analysis
of covalent and ionic character and continuing with studies on
doped periacenes and the triatomic CUO molecule, again
emphasizing spin−orbit coupling e>ects. Finally, Section 6
demonstrates the use of COLUMBUS in various photo-
dynamics simulations, including recent developments that
leverage trajectory data for machine learning applications.

2. OVERVIEW
A summary of the COLUMBUS program structure is given in
Figure 1. We describe these features here and refer to the
various sections that exemplify their use. At the heart of
COLUMBUS are its MCSCF and MRCI modules. Both are
based on the GUGA formalism,7 which enables a flexible
definition of various wave function types and an eAcient
computation of the associated matrix elements. These methods
enable the accurate treatment of challenging electronic
structures, such as those found in graphene defects (Section
4.2), polyradicals (Section 4.3), and nonstandard bonding
situations (Section 4.5). In MCSCF and MRCI computations,
COLUMBUS allows for complete active space SCF
(CASSCF) and restricted active space SCF (RASSCF), as
well as more specialized and highly customized active space
definitions (one such example is described in Section 6.1).
COLUMBUS utilizes an uncontracted MRCI with singles and
doubles (MR-CISD) approach8,9 implemented using a direct
configuration interaction (CI) algorithm, which avoids the
explicit calculation of the Hamiltonian matrix elements.
Combined with an eAcient parallelization algorithm, CI
dimensions of several billion can be handled routinely on
standard computer clusters, making many interesting calcu-
lations possible,10−12 as illustrated in various examples below.
Further improvement, aimed at utilizing GPUs, is currently
ongoing (Section 3.4).

Figure 1. Summary of the functionality provided within COLUMBUS. Features in the release version are marked with solid lines, while features
under development are marked with dashed lines.
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A significant advantage of uncontracted MRCI is that, due to
its variational nature, it is relatively straightforward to compute
electronic (transition) properties, gradients, and nonadiabatic
couplings (shown to the right in Figure 1), all of which are
implemented for MCSCF and MRCI. The availability of
analytic gradients allows for structure optimizations (illustrated
in various sections below), and the combination with
nonadiabatic couplings provides the basis for photodynamics
simulations (Section 6). Along with the wave function
properties, COLUMBUS naturally produces natural orbitals,
densities, transition densities, and so on for the correlated wave
functions. Recently, we have also demonstrated how the
originally spin-free GUGA formalism can nonetheless be
utilized to compute spin-densities (Section 3.1).
COLUMBUS features functionality to treat relativistic spin−

orbit coupling (SOC) e>ects within its SO−CI module, also
based on the GUGA formalism.13 SO−CI can be performed in
a variational fashion, meaning that SOC, static, and dynamic
correlation are treated in one combined step, providing a high-
level description even of challenging electronic structures.
Using SO−CI becomes particularly important for heavy
elements with unpaired electrons, and its applications are
illustrated below in the case of bonding between two uranium
atoms (Section 4.6) and the CUO triatomic molecule (Section
5.3). The computation of gradients and nonadiabatic couplings
from SO−CI is available in a development version but has not
been oAcially released at the time of writing. Alternatively, a
perturbative version of the SO−CI module is available,14

where SOC is computed between standard spin-free MRCI
wave functions. This implementation is particularly well-suited
to dynamics simulations, as presented in Section 6.2.
CI methods are advantageous due to their variational nature,

and this is reflected in numerically stable results as well as the
relatively straightforward implementation of gradients, non-
adiabatic couplings, and other wave function properties.
Conversely, a diAculty when applying CI is its lack of
extensivity, meaning that electron correlation in larger
molecules is not as well described as in smaller molecules.
Practically, one finds that MRCI is generally reliable only if an
extensivity correction is used and COLUMBUS provides
various possible options (Figure 1, upper left). As one
conceptually simple and computationally cheap option, a
posteriori corrections can be used.15,16 These are often
generically denoted as (+Q). Within COLUMBUS, di>erent
variations are implemented, and we generally recommend17

using the Pople (+P)18 or Davidson-Silver (+DV3)19

corrections. A posteriori corrections tend to provide reliable
energies but it is not possible to use them to compute energy
gradients. For this reason, COLUMBUS also provides iterative
extensivity corrections, that is, methods where already the CI
procedure is modified. The most prominent one of these is the
MR-averaged quadratic coupled cluster (MR-AQCC) meth-
od.20 MR-AQCC provides reliable energies of the ground and
excited states along with their gradients. The MR-AQCC
method and its linear response theory (LRT) variant are
discussed in Section 3.3. Furthermore, the practical influence
of extensivity corrections in producing accurate excitation
energies is discussed in detail in Sections 3.2 and 5.1 within a
valence-bond framework focusing on the ionic and covalent
character of the state. Finally, noting that MR-AQCC gives
access to extensivity-corrected density matrices, we use it in
Section 4.1 to provide an accurate reference for calibrating an
approximate method for describing unpaired electrons.

One crucial structural feature of COLUMBUS is the
modular concept, which organizes di>erent computational
steps, including atomic orbital (AO) integrals, GUGA and
wave function setup, integral transformation, CI steps, and
analytic energy gradient and nonadiabatic coupling calcu-
lations. This approach enables the combination of COLUM-
BUS with other quantum chemical program packages to share
atomic orbital (AO) integrals. In addition to the proprietary
Argos program, well-established interfaces to DALTON21 and
OpenMolcas22 are available, along with a more experimental
interface to NWChem23 (see Figure 1, bottom). Furthermore,
the SCF, MCSCF, and geometry optimization modules of
OpenMolcas can be used in combination with the MRCI
program module of COLUMBUS, providing enhanced
flexibility for setting up various jobs.24 The modular setup
also provides an ideal basis for external interfaces. Below, we
illustrate this in the case of complex absorbing potentials used
for electronic resonances (Section 3.5) and hybrid antisymme-
trized coupled channels for attosecond spectroscopy (Section
3.6).
COLUMBUS is developed as an open-source project via a

public repository25 and is released under the GNU Lesser
General Public License. Releases are distributed from the same
web page25 in the form of source code and precompiled
executables. COLUMBUS is primarily developed for Linux
systems. It has been installed and used on a variety of high-
performance cluster architectures.

3. METHOD DEVELOPMENTS
3.1. Spin Densities at the MCSCF Level. Recently, the

calculation of spin densities was implemented in COLUMBUS
for wave functions obtained via MCSCF calculations.26 Given
a wave function |ψ;S,M⟩, which is an eigenfunction of the
operator Ŝ2, that is

S S M S S S M; , ( 1) ; ,
2| = + | (1)

with eigenvalues S ≥ 0 and of the operator Ŝz

S S M M S M; , ; ,z| = | (2)

determining the projection along the z-axis with quantum
numbers M = −S, −S + 1,···,S − 1,S, the calculation of spin-
density matrix elements is given by

D S M a a a a S M; , ; ,qp
M

p q p q
(1,0, ) = | |† †

(3)

In COLUMBUS, this calculation is implemented using the
Graphical Unitary Group Approach (GUGA),27 as this
procedure avoids transforming the wave function from a
configuration state function (CSFs) basis to a determinantal
basis to carry out the di>erence of the α and β blocks. Note
that this last procedure would be highly ineAcient or
unfeasible for large CSF expansions since the determinantal
expansion grows faster than the CSF one, especially for larger
numbers of open-shell electrons.
The current implementation calculates the spin-density

matrix elements for M = S using26,28

( )
D

N

S
D

S
d

2

( 1)
1

( 1)qp
S

qp
k

qkkp
(1,0, )

1
2 (0)=

+ + (4)

in which N is the total number of electrons, Dqp
(0) is an element

from the one-particle reduced density matrix (1-RDM) and
dqkkp = ⟨ψ|ep̂kkq|ψ⟩ are the unsymmetrized two-particle reduced
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density matrix (2-RDM) elements. Both the 1-RDM and 2-
RDM are available within the GUGA formalism. Note that the
calculation of the last term on the right-hand side of eq 4
would require a sum over elements of a four-dimensional array.
However, a more eAcient approach was implemented to
compute the spin-density matrix alongside the 1-RDM and 2-
RDM to reduce the additional computational e>ort to obtain
the elements Dqp

(1,0,S).
The analysis of the spin density is useful, for example, for the

study of organic radicals. In particular, diradicals have
applications in various areas of optoelectronics and spin-
tronics.29−33 In this work, we employed the implementation to
calculate the spin density for the diradical para-quinodi-
methane. Investigations into the electronic structure of this
system can be traced to the works by Szwarc34 and Coulson et
al.35 Recent work by Chagas et al. has also explored the
electronic e>ects of the CH2 groups on the benzenoid ring.

36 A
detailed study of the electronic structure of this molecule was
recently carried out by Matasovic ́ et al.37 to investigate the
conversion from a closed-shell character attained with the CH2
groups coplanar to the ring structure to an open-shell character
with the CH2 groups orthogonal. Here, we utilized the planar
geometry from that work, optimized at the PBE/ANO-S-
VDZP level, and two additional structures with di>erent values
for the θ angle between the ring plane and the CH2 group
(Figure 2a): 0, 50, and 90°.

Next, we carried out calculations using the SA-CASSCF
method, considering 8 electrons in 8 orbitals (CAS(8,8)) and
the cc-pVDZ basis set for the lowest triplet state (T1). The
spin densities for the three structures are presented in Figure 2.
From the inspection of Figure 2, the decrease in the spin

density of the ring structure is noticeable with the increase in
the angle θ. This highlights the loss in delocalization upon
twisting and illustrates that the spin density is increasingly
localized on the radical centers.
3.2. Diagnostics and Scaling Procedures for Ionic

States. Whereas MCSCF presents itself as a compelling
method for providing qualitatively correct starting points in
various situations, including open shells and highly excited
states, one critical area that poses notorious challenges is the
description of ionic ππ* states.3−5 These states can be best
understood in a valence-bond framework.38,39 To summarize,
within the standard MO picture, the singlet and triplet highest-
occupied molecular orbital/lowest-unoccupied molecular
orbital (HOMO/LUMO) excited states are given as

h l lhs = | + | (5)

h l lhT = | | (6)

where h and l refer to the HOMO and LUMO, and the bar
signifies β-spin. Using a valence-bond-type description and
expressing these equations in terms of localized orbitals,
denoted a and b, yields17,39

aa bbs = | | (7)

ba abT = | | (8)

Crucially, the singlet consists of configurations in which both
electrons occupy either orbital a or orbital b, and the state is
therefore classified as ionic. The opposite is true for the triplet,
which is classified as a diradical. Practically speaking, the ionic
nature of the singlet requires enhanced electron correlation in
its description, often posing severe challenges to the MCSCF
method. There are two interrelated problems: how do we
diagnose issues related to ionic states, and how do we fix these
problems? Both have been addressed recently, as discussed
below.
A new diagnostic for ionic states, denoted Qa

t , has been
developed in ref 17. Qa

t is based on a population analysis of the
transition density, carried out with TheoDORE,40 to
postprocess the COLUMBUS computation. Before proceed-
ing, we comment on the range of values accessible by Qa

t . It is
per construction always greater than zero. However, there is no
obvious upper limit. Whereas Qa

t values of singlet states are
usually found to be below one, one finds values close to two for
some triplet states.17

Figure 3 presents an analysis of computed errors in
excitation energies (using the theoretical best estimates from
ref 41 as reference) for a test set of 11 π-conjugated molecules
plotted against the Qa

t diagnostic. Starting with the SA-
CASSCF level (Figure 3a) and considering the ππ* states (red
circles), we find that the diagnostic performs precisely as
intended. For the covalent ππ* states seen at low Qa

t values
(below 0.2), we find good accuracy, and all errors are below
0.5 eV. Conversely, for the ionic ππ* states seen at higher Qa

t

values (above 0.3), significant errors of 1−2 eV are observed.
Finally, the nπ* states (green squares) yield intermediate
errors. Figure 3a thus highlights the power of the Qa

t diagnostic
for ππ* states, providing a clear di>erentiation between cases

Figure 2. para-Quinodimethane molecule with panel (a) highlighting
the angle (θ) between the ring plane and the CH2 group. Panels (b−
d) display the spin densities for the T1 state of the studied structures
with di>erent θ angles. The employed isovalue is equal to 0.003 eÅ−3.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://doi.org/10.1021/acs.jpca.5c02047
J. Phys. Chem. A 2025, 129, 6482−6517

6485

https://pubs.acs.org/doi/10.1021/acs.jpca.5c02047?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02047?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02047?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.5c02047?fig=fig2&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://doi.org/10.1021/acs.jpca.5c02047?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


where the SA-CASSCF is expected to be reliable and where it
is not.
Progressing along the hierarchy of MRCI methods, as

implemented in COLUMBUS, generally improves the results
from CASSCF, and this is shown in Figure 3b−d. However, an
important point to note is that MR-CIS sometimes yields
improved results compared to MR-CISD, and this discrepancy
can be attributed to the lack of size extensivity. But, using
finally an extensivity-corrected version (MR-CISD+P) yields
excellent results for all types of states.
While the above work demonstrates that ionic states can be

e>ectively detected, correcting their energies at the CASSCF
stage would be beneficial. Work in this direction is currently in
progress. The formalism starts by realizing that the energies of
the singlet and triplet states in eqs 5 and 6 di>er by twice the
exchange integral ghl,hl where the triplet is stabilized and the
singlet is raised in energy.42,43 Furthermore, it is worth noting
that σ-correlation can be understood to act by screening this
exchange interaction.17,43,44 The idea behind the new
procedure is to scale the involved terms to mimic screening
via the σ-electrons. Practically, we can define the diagonal shift
Hamiltonian

H P g(1 )
p q

pq pq pqshift ,=
< (9)

where P̂pq is the projector onto all CSFs where orbitals p and q
are singly occupied and singlet spin-coupled, and all other
orbitals are either unoccupied or doubly occupied. The value
of μ is left as an adjustable parameter. A scaled MCSCF
version can now be defined by subtracting this shift
Hamiltonian from the usual MCSCF Hamiltonian. Preliminary
results suggest that this procedure specifically targets singlet
ππ* states, leaving the ground state and other excited states
largely una>ected.
The proposed procedure directly targets the underlying two-

electron integrals and is expected to allow for a much more
fine-grained tuning than global energy scaling procedures.45,46

Crucially, as opposed to multiconfigurational pair density
functional theory,47 the shift is included self-consistently in the
MCSCF procedure, meaning that it also a>ects orbital
optimization and ultimately enables the computation of energy
gradients and nonadiabatic couplings. Work on this is currently
in progress, and the developed method will be presented in a
separate communication.
3.3. AQCC-LRT as a Viable Alternative to MR-CISD

Calculations of Excited States. Multireference Averaged
Coupled Pair Functional (MR-ACPF)48 and MR-AQCC20,49

methods are powerful tools for correcting the size-extensivity
error of MR-CISD. They have been utilized in numerous
applications (for a review, see refs 50,51). Their main
advantage over the alternative, Davidson-type corrections, is
that a density is associated with the corrected energy,48 and
therefore, gradient and other properties can be calculated.52,53

In the MR-AQCC method,20,49 a functional of the
correlation energy (ΔEα) of state α

F c
c H E c

c G c
( )

( ) ( )
i i i i i i

i i i i

0

int
2

int
2=

| |
+ (10)

is optimized to get the coeAcients (ciα) corresponding to the
expansion functions Φi. Here E0α is the reference energy of the
state considered, and the two summations in the denominator
run for the internal and all other excitations, respectively. By
choosing the factor G appropriately, various methods can be
defined. Trivially, G = 1 gives the MR-CISD functional. For
MR-AQCC, we have G 1 n n

n n
( 3)( 2)

( 1)
e e

e e
= , while for MR-

ACPF G
n
2

e
= with ne being the number of (correlated)

electrons.
The stationary equations of this functional can be cast into a

matrix eigenvalue problem54,55

H E c E c( )j
i

i i j0| + | =
(11)

with the diagonal shift being

G E(1 )
k

k k
int

= | |
(12)

Note that for CI, the shift is zero. Thus, the formalism
reproduces the usual CI eigenvalue equations. On the other
hand, for G ≠ 1, the shift is state-dependent since it includes
the correlation energy of the given state. In this case, the
eigenvalues (ΔEα) and the coeAcient vectors (cα) belonging to
di>erent states are eigenpairs of di>erent Hamiltonians.
Whereas the resulting nonorthogonality of the eigenvectors is
not a problem for the calculation of single-state properties,48 it
does not allow for the computation of transition properties.
The MR-AQCC method has been successfully applied to

numerous ground-state applications, such as describing the
biradical character and singlet−triplet splitting in polycyclic
aromatic hydrocarbons (PAHs)11,56,57 as well as the study of
bonding in the chromium dimer.10 It can also be applied to
excited states58 without symmetry or spin restriction. This is
achieved in COLUMBUS by a root-following technique, where

Figure 3. Errors of computed vertical singlet excitation energies for a test set of 11 molecules plotted against the Qa
t diagnostic measuring ionic

character using (a) SA-CASSCF, (b) MR-CIS, (c) MR-CISD, and (d) MR-CISD+P, all using the aug-cc-pVDZ basis set. States are grouped
according to type: ππ* (circles) and nπ* (squares) states; the out-of-plane ππ* state of cyanoformaldehyde is shown as an empty circle. Adapted
from ref 17. Copyright 2023 American Chemical Society.
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the subspace root with the maximal overlap with a selected
reference root is updated during the Davidson subspace
approach.55 This procedure works well when the desired roots
are well-separated and possess distinct characteristics. How-
ever, in practice, it lacks the stability of MR-CISD calculations,
and intruders often hinder convergence.
We adopted a modified version of the AQCC method,

which had been previously developed,54 and removes the
disadvantage of AQCC associated with the state-dependent
diagonal shift. However, it still has the advantage of including
size-extensivity corrections intrinsically. As shown in ref 54, the
state dependence of the diagonal shift can be avoided by an
alternative derivation of the excited state equations using linear
response theory (LRT).59 Starting from the AQCC ground
state solution, for the excited states, the eigenvalue equations
of the response matrix59 should be considered, i.e., the
following equations need to be solved

H E c E c( )j
i

i i j0 0| + | =
(13)

for more details on the derivation of the method called AQCC-
LRT, see ref 54 here, we draw attention only to the fact that for
all excited states, the shift depends on the correlation energy of
the ground state (ΔE0), i.e., energies and coeAcients of all
excited states are obtained as the eigenpairs of the same matrix.
One can, therefore, calculate excited states just like from CI
and obtain several excited states at the same time without the
necessity of using root following.
AQCC and AQCC-LRT would give the same results if the

reference energies for the ground and excited states were of the
same quality, resulting in (nearly) identical correlation energy.
Although this is often not the case, ref 54 shows that the
excitation energies are usually very similar to the two AQCC
procedures.
The other advantage of AQCC-LRT is that using the LRT

technology,59 it is possible to define the transition density
between state 0 and α as54

a a(1 )t t t
0

0
0CI

0
0ref= + (14)

with

a
c

c G c

( )

( ) ( )
i i

i i i i
0

0 2

int
0 2

int
0 2=

+ (15)

where CIΓt
0α and refΓt

0α are the CISD and reference transition
densities, respectively.
Compared with standard MR-AQCC calculations, below, we

demonstrate the usefulness of MR-AQCC-LRT by studying
all-trans hexatriene where the di>erent character of the lowest
excited states poses a particular challenge. The condition for
the MR-AQCC and MR-AQCC-LRT to yield similar results is
not generally fulfilled, as the description of the ionic state in
the reference space is significantly worse; thus, the correlation

energy is expected to be larger in magnitude than for the
ground state. In addition, we demonstrate that the transition
properties can also be calculated with the MR-AQCC-LRT
method, allowing a clear characterization of the wave function.
The ground and the three lowest excited states (21Ag, 11Bu,

and 21Bu) of the all-trans hexatriene are considered below.
Reported results are from MR-CISD, MR-CISD with Pople’s
approximate extensivity correction (MR-CISD+P),18 MR-
AQCC, and MR-AQCC-LRT. The geometries and orbitals
are taken from the calculations reported below (see Section
5.1). The reference space was always a full π-valence CAS(6,6),
and only the core orbitals were frozen. All the calculations used
the cc-pVDZ basis set.60 For the analysis of the transition
properties, the TheoDORE 3.2 program40 was used. We
present the transition densities and the Qa

t diagnostic,17 as also
discussed in the previous section. In this context it is worth
noting that Qa

t values and transition dipole moments can only
be computed using MR-CISD and MR-AQCC-LRT while this
is not possible with MR-CISD+P or standard MR-AQCC.
Technically, after evaluating the ground state correlation

energy (a single root AQCC calculation), the MR-AQCC-LRT
procedure runs like a CI one: one obtains the eigenpair for all
three excited states in one calculation, and there is no need for
root following. No intruders appeared at least while obtaining
three roots in both irreps.
In Table 1, the Qa

t values indicate that 21Ag and 21Bu states
have covalent character, while the 11Bu state is ionic. The
excitation energies obtained with AQCC and MR-AQCC-LRT
for the covalent 21Ag and 21Bu states agree within 0.01 eV since
the correlation energies for the ground state and these excited
states agree within 0.1 eV. In contrast, the discrepancy is larger
for the ionic state, with the AQCC-LRT excitation energy
exceeding AQCC and MR-CISD+P by 0.4 eV. The underlying
reason is that this state has a significantly higher correlation
energynearly 2 eVdue to the absence of σ-correlation in
the reference space. As a result, the AQCC-LRT correction is
smaller, leading to a higher predicted excitation energy. Note
that a significant improvement over standard MR-CISD is still
observed. Moreover, for the 21Bu state the Qa

t value is reduced
almost to half with MR-AQCC-LRT compared to MR-CISD,
indicating reduced ionic character for this state. These results
demonstrate that to avoid the unphysical mixing of covalent
and ionic characters, a size-extensivity correction is essential in
this case.
The transition densities of the relevant states are presented

in Figure 4. As discussed previously,17,39 the transition
densities are located around the bonds for covalent states,
whereas they are on the atoms for the ionic 11Bu state. More
specifically, we observed the signature of σ-correlation,17,44 as
shown by additional transition density contributions near the
atoms, which gives the individual atomic contributions the
shape of dz2 orbitals. Such σ-correlation contributions can be
visualized only by methods such as MR-CISD and MR-AQCC-
LRT, both of which explicitly incorporate σ-correlation in the

Table 1. Relative Energy (eV), Transition Dipole Moments (μt, a.u.) and Qa
t Diagnostic for the Three Low-Lying Excited States

of All-trans Hexatriene Obtained by the Di/erent Methods

MR-CISD MR-CISD+P MR-AQCC MR-AQCC-LRT

state ΔE μt Qa
t ΔE ΔE ΔE μt Qa

t

21Ag 5.816 0.000 0.088 5.755 5.743 5.755 0.000 0.077
11Bu 6.520 2.826 0.828 5.802 5.764 6.197 2.745 0.789
21Bu 7.005 0.129 0.131 6.915 6.880 6.902 0.145 0.071
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wave function. The situation is di>erent for second-order
perturbation theory methods such as CASPT2. Such methods
do provide an appropriate energy correction, but they usually
do not give access to the perturbed transition densities that
would be needed to visualize these σ-correlation contributions
(and to provide appropriate perturbative corrections to
computed transition properties).
The presented results on the intricate case of the three

lowest excited states of all-trans hexatriene demonstrate that
MR-AQCC-LRT is a viable tool for calculating transition
properties, as the inclusion of the size-extensivity correction
substantially improves the results compared to CI. Since the
diagonalization of the same matrix yields the excited states,
calculations are more straightforward than in the case of the
original MR-AQCC. Additionally, analysis of the excited-state
characters via transition densities is also possible. In the critical
case of the ionic state, where the conditions for the LRT
approach are not exactly met, it does not reproduce AQCC
excitation energy precisely, but is still superior to MR-CISD.
3.4. A First Step into GPU Application in COLUMBUS.

Graphical Processing Units (GPUs) have significantly trans-
formed the use of quantum chemical calculations.61 GPUs
originated from applications in consumer video gaming and
transitioned into systematic scientific programming with the
advent of the Compute Unified Device Architecture (CUDA)
framework.62 GPUs are specialized for highly parallel
operations based on a Single-Instruction, Multiple-Thread
(SIMT) architecture, in contrast to central processing units
(CPUs), which process a sequence of threads with only a few
tens of threads in parallel. The development of molecular
quantum chemical GPU codes began with concentrating on
the integral codes of GAMES-UK,63 TeraChem,61 Gaussian
16,64 PySCF,65 to mention only a few programs for use in
DFT. Taking TeraChem as an example, extensions to time-
dependent density functional theory (TDDFT), CASSCF, and
CASPT2 followed. Writing GPU-optimized programs can be a
tedious task since two goals have to be achieved: (i) The
algorithms must take advantage of the highly parallel GPU
architecture, and (ii) the data transfer between CPU and GPU
should be minimized. In TeraChem, the entire program is
practically entirely based on GPU programming, where
extensive sections of code had to be newly developed. Other
codes followed a more conservative approach in transforming
only selected segments of code to GPU usage.
The situation concerning di>erent programming steps is

more complex concerning the MR-CISD and the related MR-

AQCC methods in COLUMBUS. The sequence of individual
steps is illustrated in a block diagram in Figure 5. The wave

function optimization step (determining the lowest eigenvalues
and corresponding eigenvectors of the Hamiltonian matrix) is
typically by far the most time-consuming. It is this step we are
concentrating on in this work with the GPU implementation.
In short, the wave function optimization step in COLUM-

BUS is based on an uncontracted MR-CISD50 calculation
using GUGA7 with a direct CI technique.66 All CSFs are
represented in a distinct row table (DRT) shown graphically as
a Shavitt graph7,67 in Figure 6. This graph is divided into two
parts, with the external orbitals at the bottom and the internal
orbitals at the top. The external orbitals are limited to a
cumulative occupation of up to two electrons, corresponding
to the MR-CISD wave function expansion. The external part of
the Shavitt graph is much simpler and regular, whereas the
internal part can have any desired complexity. Once an internal
walk is included in the expansion space, it is always combined
with all possible external walks. This results in eAcient
computational kernels consisting of dense matrix−matrix
products, matrix-vector products, and vector dot products
with respect to the external orbitals,8,68,69 which may be
oPoaded onto accelerators and GPU hardware. It is noted that
with typical modern basis sets, the number of external orbitals
is typically much larger than the number of internal orbitals.
The walks through the DRT (the CSFs) can be classified
according to the passage through one of the four nodes, Z, Y,
X, and W, at the interface between internal and external
orbitals. Z-walks contain the reference CSFs and other
configurations with zero excitation in the external space, Y-
walks characterize single excitations, X-walks double excita-
tions where the two external electrons are triplet coupled, and
in W-walks the two external electrons are singlet coupled.
The dominant operation within the Davidson subspace

method is the calculation of the matrix-vector product

w Hx= (16)

of the Hamiltonian matrix H with an expansion vector x of the
Davidson procedure.70,71 The matrix-vector products in eq 16
are computed from the underlying one- and two-electron
Hamiltonian integrals (hpq, gpqrs) and the coupling coeAcients
(⟨m̃′|Epq|m̃⟩, ⟨m̃′|epqrs|m̃⟩). The m̃ denote the di>erent walks
(CSFs) through the DRT (Figure 6), and the Epq and epqrs are
one- and two-electron excitation operators. The general
equation for this operation (eq 16) is

Figure 4. Transition densities (isovalue: 0.002 au) between the
ground and first three excited states of hexatriene, computed with the
MR-AQCC-LRT method. Figure 5. List of individual steps for a single-point MR-CISD/AQCC

calculation.
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(17)

The coupling coeAcients are computed on the fly as
necessary. These coupling coeAcients are very sparse, so the
procedure adopted in the MRCI code involves the eAcient
computation of only the nonzero coupling coeAcients. The
coupling coeAcients are computed in blocks based on the
partitioning of orbitals and the types of CSFs, W, X, Y, or Z,
associated with the respective Hamiltonian block type. The
whole computation of eq 17 is driven by the internal indices
and the coupling coeAcients belonging to a given internal
index set. Only the contribution of internal orbitals is
computed in this step. The contribution of the external
orbitals is calculated on the fly, leading to the matrix
multiplication operations shown in Figure 7 (see also refs
8,68). For a demonstration of the GPU implementation, we
focus on this equation in the most critical section, which is
given by walks through the interface nodes X or W leading to
the XX, WW, and WX pairs.
The modular treatment of matrix multiplication kernels via

standard subroutine calls to the Basic Linear Algebra
Subprograms (BLAS) library was implemented in COLUM-
BUS some time ago8 to facilitate the adaptation of the
COLUMBUS code to the evolution of hardware and software

components. This strategy is also beneficial for GPU
programming. As will be described below, only a few changes
in the source code need to be made, such as exchanging the
CPU-based BLAS library with a corresponding GPU-
optimized CUDA library (cuBLAS) and inserting commands
taking care of the (limited) data transfer to and from the GPU.
Figure 7 illustrates this strategy for one representative

example. It is shown that with one upload of w and x vector
segments and the transfer of one block of integrals belonging
to a fixed internal index pair kl, a large number of matrix
multiplication updates of the vector w (eq 16) can be made
coupling all CSFs according to the GUGA formalism. These
operations can be performed independently and asynchro-
nously without any further data transfer between CPU and
GPU. Thus, only a relatively small e>ort is required for data
transfer of two-electron integrals and CI vector segments, as a
large number of matrix multiplications can be performed on
the GPU using these data. The number of these multiplications
will increase strongly with the increase of the active space since
an increasing number of coupling elements will be produced
for a set of integral indices.
The GPU implementation is currently based on CUDA-

Fortran as provided in NVIDIA’s Compiler suite (NVIDIA
HPC SDK).62 Variables (matrices and vectors) residing on the
GPU are allocated directly using Fortran declarations and
variable-to-variable copying, avoiding the need for explicit
CUDA function calls. In the current implementation, only
device initialization (creating the cuBLAS handle) and GPU
call synchronization are performed using dedicated CUDA
function calls. These calls can be easily replaced in the future
with corresponding functions from other implementations,
allowing for straightforward porting of the code to other
hardware accelerators that use di>erent programming models.
The matrix multiplication itself is performed by calling the
corresponding vendor-provided Linear Algebra PACKage
(LAPACK) DGEMM routine through a wrapper function.
The overhead caused by calling the corresponding BLAS
routines on the GPU will be compensated by (a) the speedup
of the DGEMM routine for large matrices on the GPU
compared to the CPU implementation and (b) the fact that
GPU calls can be run asynchronously, meaning the CPU can
continue processing the loop over all internal contributions
while the multiplication on the GPU is still in progress.
An implementation for handling the two external integrals,

as shown in Figure 7, has been recently performed, and

Figure 6. Graphical representation of a typical DRT (Shavitt graph)
representing the CSF expansion space for a given set of electrons,
spin, and number of orbitals. The lines in bold designate reference
configurations. Each distinct, strictly ascending path from the origin to
the top describes one of the CSFs of the expansion in terms of
cumulative spin-coupling of the orbitals.

Figure 7. Update scheme for the vector w (eq 16) for the special case
of CSFs with two external indices and a representative choice of two-
electron integral contributions as an example. Operations involving
the GPU are in red.
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benchmarking tests are in progress. Treatment of the other
integral types is straightforward and will follow analogous
procedures. The current implementation is tightly integrated
with COLUMBUS’ approach to parallelization, utilizing the
Global Arrays package in conjunction with an MPI-based
interprocess communication. This enables the use of multiple
GPUs in parallel, thereby mitigating the issue of a fixed,
vendor-dependent memory limit standard to contemporary
GPUs. The implementation was performed on the Sophia
supercomputer at the Argonne Leadership Computing Facility.
Preliminary versions of the implementation can be found in a
dedicated branch of COLUMBUS’ GitLab repository.
3.5. Complex Absorbing Potentials for Electronic

Resonances. The ability to describe autoionizing states
accurately remains a challenging problem in the electronic
structure community. Electronic resonances, a type of
autoionizing state, are formed through the resonant attachment
of electrons in low-energy electron (LEE)-induced reactions.
LEE-induced reactions are prevalent in many areas, including
astrochemistry, radiation chemistry, solid-state processes, and
others.72−76

Electronic resonances are categorized into either single-
particle (1p) or two-particle one-hole (2p-1h) resonances. A
single-particle shape resonance is formed when a centrifugal
potential holds the excess electron bound to the neutral
system. These resonances decay through a one-electron
process and are characterized by shorter lifetimes.77 In 2p-1h
resonances, the excess electron is bound to an excited state of
the neutral target and, based on the decay mechanism, can be
further categorized into “core-excited shape” and Feshbach.77

Most studies on electronic resonances in the literature have
been limited to shape resonances. Fewer studies focus on
Feshbach resonances despite their presence in a wide variety of
electron-driven reactions.78−80 Additionally, resonant-channel
coupling between shape and Feshbach channels facilitates
electron-driven processes in nucleobases and similar aromatic
systems.80−82 A multireference treatment of Feshbach
resonances and their mixing with shape channels is pertinent
for their accurate characterization.81,83 To address this
deficiency, an approach based on complex absorbing potentials
was recently implemented by creating an interface between

COLUMBUS and the OpenCAP software.84 COLUMBUS
o>ers several advantages, and its flexibility in describing the
multireference space is crucial for describing resonances
involving multireference character. Furthermore, the avail-
ability of analytic gradients and nonadiabatic couplings makes
it an attractive package for future developments involving
methods for resonances. The basics of this development are
summarized here.
While there are many approaches to describe resonances, we

have focused on non-Hermitian quantum mechanics85

techniques, where resonances can be obtained as complex
solutions to the non-Hermitian eigenvalue problem, with
complex (or Gamow−Siegert) eigenvalues of the form

E E i /2res R= (18)

where ER is the energy or position of the resonance state, and
Γ is its associated width. Inverse width provides information on
the lifetime of the resonance state. In CAP, a non-Hermitian
Hamiltonian is obtained by adding a complex local potential to
the physical Hamiltonian for a given system86

H H i W( ) = (19)

where Ŵ is a one-particle potential, and η is the CAP strength.
A commonly employed one-particle potential in CAP
calculations is a quadratic potential (also otherwise known as
box-potential) of the form86
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where k = x,y,z and Ŵ = ∑kŴk. The CAP onset makes sure
that the interaction region of the resonance wave function
remains unperturbed from the presence of the one-particle
potential.
A critical aspect of CAP is the strong parametric dependence

of the complex energies on the CAP strength (η). The real and
complex part of the eigenvalues as a function of η (η-
trajectory) tend to spread out in the complex plane, and the
stabilization point is revealed by minimizing the first-order
term in the Taylor series expansion of the η-dependent

Figure 8. Diagram showing the implementation of projected openCAP in COLUMBUS. Initially, a CAP-free MRCI calculation is performed to
obtain a limited number of eigenstates. The one-electron densities, γII, and transition densities, γIJ are used to calculate the CAP (Ŵ) matrix
elements. The complex Hamiltonian Ĥ(η) is diagonalized for several values of η and the η-trajectory is used to obtain the Siegert energies.
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energies. The complex energies corresponding to the stabilized
point identify the optimum value.86

E E
E

( ) (0)
d
d

( )2| | = +
(21)

The sensitivity of this parametric dependence on η can be
further minimized. Many ways have been prescribed for the
secondary correction,86,87 and one of the straightforward ways
is to minimize the second-order correction in the Taylor
expansion as proposed by Riss and Meyer86
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(22)

CAP can be introduced into the electronic structure
calculation at any stage. The conventional route involves
adding the CAP at either the Hartree−Fock (HF) step or the
correlated step, depending on the given CAP strength. These
calculations are computationally expensive and require
modifications to the traditional framework to accommodate
changes resulting from the complex algebra involved. Addi-
tionally, determining the optimum resonance parameters
requires complex-valued energies for multiple values of the
CAP strength parameter. Therefore, multiple electronic
structure calculations must be carried out to analyze the η-
trajectories. An alternative to conventional CAP is the
projected CAP, where CAP is projected onto a correlated
subspace.88,89

We have implemented projected CAP with the MRCI code
in COLUMBUS, as outlined in Figure 8. The OpenCAP
program by Gayvert and Bravaya was used for CAP
calculations.84 Details on the projected CAP-MRCI imple-
mentation can be found in refs 90,91. This implementation was
tested on several systems and successfully produced complex-
valued potential energy surfaces, as well as demonstrated
mixing between shape and Feshbach resonances. This
approach demonstrated the profound e>ect the mixing has
on the lifetimes of the resonances, with potential implications
in the behavior of nucleobases under LEE damage and other
relevant applications.90,91

3.6. Hybrid Antisymmetrized Coupled Channels. A
customized code version of COLUMBUS delivers the CI
functions for applications in attosecond photoemission from
molecules in strong laser fields.92,93 That process is highly
nonperturbative and imposes special requirements on the
representation of the system. Emission rates and spectra are
susceptible to thresholds and initial and final state
correlations.94 Therefore, correlated ground and excited states
must be accurately represented. In addition, photoelectrons are
emitted into a vast spectrum of continuum states, from
threshold up to hundreds of eV. For single-electron emission,
the CI space is augmented by a complete single-electron basis
represented on a numerical grid. An ansatz is made for the
time-dependent wave function as a linear combination of one
or more neutral states and “channel” functions of ionic states
that are augmented by the numerical basis
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with complex time-dependent coeAcients c t( ), ciA(t) and
cα
A(t). In this “hybrid” representation, the neutral states | and
the ionic states |A⟩ are generated by COLUMBUS in MCSCF-
MRCI, based on the molecular orbitals |i⟩ of the neutral state at
its equilibrium geometry. Using the orbitals at the neutral
positions also for the ions is justified in the approximation that
relaxation of the nuclear positions occurs on a longer time scale
than the electronic emission. The creation operators ai

†

generate all molecular orbitals. The aα
† generate numerical

basis functions {|α⊥⟩} that are orthogonalized to the orbital
space {|i⟩} as

i i1
i

i
k
jjjjjj

y
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zzzzzz| = | | |

(24)

When calculating the e>ect of two-particle operators T̂ =
Tkl,mnak

†al
†aman in this hybrid basis, one needs up to three-

particle density matrices of the ions w.r.t. the molecular basis

a A a a a a a B A a a a a a a Bi k l m n j i k l m n j| | = | |† † † † † † †
(25)

and similarly Dyson-orbital-like objects with up to 5 indices for
matrix elements between the |ai

†A⟩ and | . At present, these
are generated by using an (unpublished) version of
COLUMBUS that outputs the | and |A⟩ as lists of
determinants and coeAcients. The matrix elements of single-
and two-particle operators involving the Gaussian-based
orbitals |i⟩ and the numerical basis |α⟩ are computed by
numerical quadrature. Linear dependence of the basis is
controlled by a low-rank representation of the corresponding
pseudoinverse using a Woodbury-type formula.
The time-dependent Schrödinger equation is solved with the

ansatz (23) with absorbing boundary conditions. Photo-
emission spectra are extracted by analyzing outgoing flux
using the t-Sur> method,95 which accounts for the fact that
emission spectra are modified by the time-dependent field
outside the simulation volume.
Figure 9 shows strong-field photoemission spectra of CO2 in

an elliptically polarized field at a wavelength of 800 nm (first
published in ref 96). Neutral and up to 6 ionic states were used
in this calculation. The strong field dominates, and the
spectrum does not exhibit any multipolar characteristics. The
process is in the intermediate region between tunneling in the
strong field and extreme multiphoton emission. Tunneling

Figure 9. Strong field photoemission from a CO2 molecule by a laser
pulse with wavelength 800 nm and elliptic polarization. The molecule
is aligned along the Z-axis, ellipticity is ε = 0.87. The polarization
plane is XY in (a) and XZ in (b−d). Energies extend to 1.5 au, and
the cut plane is indicated in the subfigures.
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produces energetically broad distributions modulated by
ripples due to multiphoton processes. The e>ects of ellipticity
are most visible in the cuts through the polarization plane in
Figure 9c. Symmetries of the HOMO are reflected in
corresponding nodes of the photoemission spectra.

4. APPLICATIONS: OPEN-SHELL SYSTEMS
4.1. Calibration of FOD Parameters Using MR-AQCC

Unpaired Densities. Graphene and graphene-based nano-
materials form the basis for numerous interesting applications,
including energy storage devices, optoelectronics, flexible
conductive films for displays and electrodes, and anticorrosion
technology.97,98 When broken down into nanoscale fragments,
PAHs99 are formed, exhibiting notable and tunable diradical
and polyradical characteristics.11,100−103 These properties make
PAHs attractive for spintronics, optoelectronics, conductivity,
and magnetism,104,105 though their complex electronic
structure poses significant characterization challenges. The
characterization of these molecules, particularly in terms of
their biradical character, provides valuable information for
developing new PAH-based materials. The number of
e>ectively unpaired electrons (NU),

106−108 accessible through
multireference (MR) methods,20,50 provides valuable insights
into polyradical systems. An alternative descriptor based on
DFT calculations is the fractional occupation number-weighted
electron density (FOD)6,109 obtained from finite-temperature
DFT (FT-DFT) without fictitious temperature-dependent
energy functionals. This method e>ectively simulates static
correlation straightforwardly based on the electronic temper-
ature (Tel), which acts as a parameter. Although multireference
methods can provide reliable information about the open-shell
character of PAHs, they are relatively expensive, and DFT-
based methods are preferred for large-scale, routine applica-
tions. However, in the case of FT-DFT applications, the
electronic temperature parameter Tel needs to be adjusted. In
the present report, this adjustment is summarized for a series
of functionals through fitting MR-AQCC NU values.

110,111

For optimizing the Tel parameter, 22 PAHs ranging from
acenes, indenoacenes, zethrenes, and other biradicaloid
PAHs110 were selected and benchmarked using MR-AQCC
calculations. The NU values and the corresponding unpaired
electron densities106,112 were obtained using Head-Gordon’s
nonlinear formula107

N n n(2 )
i

N

i iU
1

2 2=
= (26)

Here, N is the number of natural orbitals (NOs), and ni is the
occupation of the ith NO. This formula emphasizes orbitals
with occupations close to one while suppressing contributions
near 0 and 2. The geometries of all 22 structures were
computed using the TPSS113 functional and the def2-TZVP
basis set114 and are available in the Supporting Information of
ref 110.
In the FOD analysis,6 the fractional orbital density is defined

as

f r( ) ( )
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1 2

2= | |
= (27)

where δ1 and δ2 are constants. These are both set to unity if the
orbital energy is below the Fermi energy (EF). δ1 is set to 0 and
δ2 to −1, respectively, if the orbital energy is above EF. The ϕi
terms represent molecular spin orbitals, and the summation
extends over all orbitals N. The f i values are derived from the
Fermi−Dirac distribution, providing fractional orbital occupa-
tion numbers as

f
1

e 1i E kT( )/i F el
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+ (28)

where εi represents the orbital energy. The number of “hot”
electrons, NFOD, is defined as

N f( )
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1 2=
= (29)

In the original work,6 the electronic temperature (Tel) was
determined as a function of the percentage of nonlocal Fock
exchange admixture (ax) in the functional

T a20000 K 5000 Kxel = × + (30)

The plot in Figure 10a shows that for the M05−2X
functional (ax = 0.56), there is a good linear correlation
between NFOD values and NU values, using the original Tel
parametrization of eq 30. However, the original Tel value is
much too large leading to a strong overestimation of the NFOD
values in comparison to respective NU data. Optimization of
Tel in steps of 1000 K and refinement in steps of 200 K, the

Figure 10. Comparison between MR-AQCC NU values and FT-DFT NFOD numbers with M05−2X density functional for structures with singlet
ground electronic state (structures 1−16, 18, 25−29 of ref 110) using (a) the original Tel of 16,200 K and (b) the improved Tel of eq 31 of 12,200
K. Reproduced with permission from ref 110. Copyright 2023 the Royal Society of Chemistry.
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slope is improved, and at 12,200 K, a slope close to one is
achieved (Figure 10b).
Similar investigations with the TPSS, M06−2X, and B3LYP

functionals revealed that better agreement could be achieved
using the improved equation for these classes of functionals as
well110,111

T a10762 K 6140 Kxel = × + (31)

Further tests indicated that this improvement extends to the
double-hybrid functional B2PLYP as well.111

Range-separated hybrid functionals have also been inves-
tigated.111 Application of eq 31 developed for GGA functionals
to the range-separated ωB97XD functional (ax = 0.222) leads
to a Tel of 8530 K. Although the correlation between the
corresponding NFOD and NU values shows good linearity
(Figure 11a), the slope is much too small. By increasing Tel to
14,000 K, an excellent overall correlation is achieved (Figure
11b).
The same adjustments of Tel were performed for the range-

separated functionals ωB97M-V, CAM-B3LYP, LC-ωPBE, and
MN12-SX. It was found that the resulting Tel values could be
fitted against the β parameter, which is the di>erence between
the HF exchange in the long-range limit (α + β) and the
corresponding percentage in the short-range limit115 (α)
leading to the expression.111

T 6650 K 9010 Kel = × + (32)

In addition to the parametrization of Tel for various types of
DFT functionals, an optimal Fermi temperature has also been
determined for the semiempirical GFN2-xTB method,116,117

allowing reliable NFOD data at even much faster computational
speeds.111 In summary, a set of Fermi temperature parameters
Tel has been derived for a range of DFT functionals based on a
larger selection of open shell PAH compounds, leading to
NFOD values that reproduce the MR-AQCC NU values very
well. This opens up excellent opportunities for computationally
eAcient predictions of the biradical character, especially for
larger molecules. So far, the investigations have focused on
PAHs with applications also to B,N doped periacenes (see also
Section 5.2) and CC dissociation processes in ethane, ethylene
and acetylene.111 In all these cases good agreement with the
number of unpaired electrons NU were found. Thus, we expect
that carbon biradicals and similar systems should be well
covered by the present Tel parametrization. To demonstrate its

applicability beyond this set of compounds, more extended
classes of molecular structures still need to be investigated.
4.2. Electronic States in Single-Vacancy (SV) Gra-

phene Defects. Graphene is renowned for its exceptional
electronic, thermal, and mechanical properties.97 Doping of
graphene sheets is frequently used as an eAcient tool to
modulate their electronic properties. One important class of
graphene defects is carbon vacancies, which can occur either
naturally due to growth defects or by collisions with high-
energy species.118 The removal of a carbon atom from the
regular graphene network creates dangling bond carbons,
leading to low-lying electronic states.119,120 The detailed
structural characterization of these states and their interplay
with geometrical changes comprise interesting but challenging
questions. Reliable approaches require multireference methods
(MR) that describe both the ground and excited states equally
well. MR-CISD,12,50,51 as available in COLUMBUS, provides a
good basis for such investigations. This contribution
summarizes our previous work on a single vacancy defect in
pristine pyrene.119−122 By removing one carbon atom from the
center of pyrene (Figure 12a) leading to pyrene-1C, three

dangling bonds are formed upon rigid C removal (Figure 12b).
On planar geometry relaxation, two interact to form a covalent
bond, leaving only one dangling carbon bond (Figure 12c).
Planar pyrene-1C has a quasi-degenerate ground state with
three low-lying excited states. This finding prompted us to
investigate further whether out-of-plane distortions could
result in additional stabilization and how excited states could
be a>ected.122

Figure 11. Comparison between MR-AQCC NU values and FT-DFT NFOD numbers for the ωB97XD density functional for structures with singlet
ground electronic state (structures 1−16, 18, 25−29 numbered as in ref 111) using (a) Tel of eq 31 of 8530 K and (b) the improved Tel of eq 32 of
14,000 K. Reproduced with permission from ref 111 under a Creative Commons Attribution 4.0 International License. Copyright 2024 Carvalho et
al.111

Figure 12. (a) Pristine pyrene, (b) unrelaxed pyrene-1C, carbon
dangling-bond centers are shown in black, (c) pyrene-1C after
geometry relaxation.
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The geometry of pyrene-1C was fully optimized in C2v
symmetry using a CASSCF(16,16) approach that included all
π-orbitals and the carbon dangling bond for each of the four
lowest states (1A2, 3A2, 1B1, and 3B1). The CAS was then
systematically reduced to a CAS(6,6) and finally to a compact
CAS(4,3) that was able to reproduce the CAS(16,16)
excitation energies and geometries well. Final calculations
were performed at SA4-CASSCF(4,3) (averaged over the four
lowest states) and MR-CISD+Q(4,3) (+Q indicates Davidson
correction15,51) levels using the 6−31G* basis set.123 All
stationary structures described in this work were characterized
by harmonic frequencies calculated at the SA2-CASSCF(4,3)/
6−31G* level.
The C2v structures optimized for the 1A2, 3A2, 1B1, and 3B1

states were all found to be transition states, with 3B1 being
more stable than the others by less than 0.2 eV. Following the
imaginary modes, four nonplanar optimized structures with Cs
symmetry were obtained, of which states 1A′ and 3A″ were
transition state structures, and 1A″ and 3A′ were local minima.
Further distortion of 1A′ from Cs to C1 symmetry resulted in a
1A structure, whereas the distortion of 3A″ led to a 3A′
structure. An energy diagram of these structures is presented in
Figure 13. Among these structures, the L-shaped conformation

of the 1A′ state, obtained from the distortion of the 1B1 state,
was considerably more stable than the other distorted C2v
structures. Its stabilization amounted to 1.13 eV in comparison
to the 3B1 structure. The higher stability of this conformation is
derived from a 3c-2e bond formed between the carbon of the
dangling bond and a C−C bond of the cyclopentadienyl
fragment. Despite the stability of this structure, it was still not a
local minimum on the potential energy surface. Further
reduction of the symmetry to C1 allowed the localization of
the 3c-2e bond into a σ-bond between the dangling of the
carbon bond and a carbon of the cyclopentadienyl ring. This
structural rearrangement led to a highly distorted structure,
which, nevertheless, is about 3.77 eV lower in energy
compared to the reference 3B1 structure because of the

formation of a CC σ−bond. Calculating a triplet state using the
1A geometry as a starting point resulted in a similar geometry
but 1.55 eV higher in energy.
Vertically excited states for the symmetries B1 and A2 of the

lowest singlet states are shown in Figure 14a, computed at the
C2v geometry of the 3B1 structure. There are three excited
states below 1 eV, while the remaining are all above 4 eV
relative to the ground state. The most intense excitation,
calculated from the 11B1 state, is to the 41A2 state, with an
excitation energy of about 7.8 eV. A similar pattern is observed
for the other C2v and Cs optimized structures. The only
exception is the 1A′ optimized structure, which has a closed-
shell configuration due to the formation of a 3c-2e bond,
resulting in a wide gap between the ground state and the first
three excited states, which are about 3 eV higher in energy
(Figure 14b). The remaining excited states are all above 5 eV.
Two intense excitations are observed from the 1 1A′ state: one
to 31A″ and the other to 41A″.
A systematic distortion of the planar pyrene-1C structure

resulted in several stationary points from which four structures
were minima. A highly distorted closed-shell 1A structure with
C1 symmetry was the most stable one, with 3.77 eV more
stable than the planar 3B1 reference structure, followed by an
open-shell 3A structure, which has a similar geometry to 1A but
is 1.55 eV higher in energy. The other minima (1A″ and 3A′),
which are less distorted compared to the planar structure but
have a dangling bond, are at most 0.02 eV more stable than the
original 3B1 reference structure. In larger sheets, greater
restraining forces will exist, certainly disfavoring the C1
symmetry structure. The others should be more adaptable in
their current structures. Investigations into larger graphene
sheets will be necessary to resolve this question conclusively.
4.3. Construction of Polyradical Character with

Phenalenyl Oligomers. Carbon-based radicals have recently
been the subject of intense study due to their unique electronic
and magnetic properties, as well as their potential applications
in materials chemistry and biosciences.124 The high chemical
reactivity of radicals presents a considerable challenge for their
synthesis and characterization, often necessitating a combina-
tion of solution and on-surface chemistry.125 Among these, the
structures composed of benzenoid rings arranged in triangular
patterns are regarded as promising materials in spintronics
applications,126−128 and for the design of thermally active
delayed emitters.129

A small singlet−triplet (S0/T1) energy gap (ΔE) is the main
prerequisite for a desirable magnetic switching in these
materials.130 Despite their reactivity originating from open-
shell electronic structures, triangle-shaped systems, and their
two-dimensional extensions have been synthesized and
characterized using advanced on-surface approaches.128,131−134

Studies of triangulene dimers, directly coupled or linked via
bridging groups such as acetylenes and phenyl, demonstrate
that the nature of these connections can tune their magnetic
properties and ground-state spin states well.127,134−139 The
triangle-shaped radical compounds and their extensions form
alternant π-conjugated systems and belong to the class of non-
Kekule ́ structures. In these structures, the spin quantum
number (S) of the ground state is predicted according to
Ovchinnikov’s rule140 and Lieb’s theorem141 as

S
N N

2
=

*
(33)

Figure 13. Energies ΔE (eV) are relative to the 3B1 state using the
MR-CISD+Q(4,3) method for the optimized geometries of the 1A2,
3A2, 1B1, and 3B1 states in C2v symmetry, the optimized geometries of
the 1A′, 3A′, 1A″, and 3A″ states in Cs symmetry and for the 1A and 3A
states in C1 symmetry. Transition states are labeled in red.
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where N* and N are the number of starred and unstarred sites
in the alternant π-conjugated systems, respectively.
In this contribution, we report on an initial study on

covalently linked dimers of phenalenyl, the smallest member of
triangle-shaped molecules with highly delocalized radical
structure (Figure 15a), high electrical conductivity, and

distinctive magnetism.142−146 The α positions label those
atoms where the spin density in the singly occupied molecular
orbital (SOMO) is located, whereas β atoms do not carry spin
density. Due to their size, phenalenyl dimers are ideal for
studying how the di>erent linking types between phenalenyl
units influence their electronic properties. Depending on the
coupling sites, the following structural isomers can be
identified: (i) isomers coupled with the spin positions (α,α-
dimer 1, Kekule ́ structure), nonspin positions (β,β-dimer 2,
non-Kekule ́ structure), and spin-nonspin positions (α,β-dimer
3, non-Kekule ́ structure), illustrated in Figure 15b. All three
structures are alternant π-conjugated systems. Applying
Ovchinnikov’s rule to these systems suggests a singlet ground
state for α,α- and β,β-dimers, while the ground state of the α,β-
dimer should be a triplet spin state. This contribution discusses
the electronic structure of the three isomers linked via an
acetylene bridge. For this purpose, extended multireference
calculations were performed to evaluate the singlet−triplet
splitting energy in comparison with the prediction by
Ovchinnikov’s rule and to characterize the open shell character
of the dimers employing numbers of unpaired electrons (NU).

The calculations were performed using the MR-AQCC20

method in combination with the orbitals obtained from a state-
averaged (SA)-complete active space self-consistent field
theory consisting of eight electrons in eight orbitals (SA-
CASSCF(8,8)). The same CAS was used as reference space in
the MR-AQCC calculation. The reference space has been
chosen based on the NO occupations by including the main
open-shell orbitals within an occupation range of ∼1.90 e to
∼0.1 e. The σ space orbitals were kept frozen after the SCF
level, while all π orbitals were included, as has been successfully
used for a series of PAHs in previous investigations.11,100,147 All
calculations were performed with the 6−31G(d) basis set.148
The singlet structures were optimized at the unrestricted
density functional theory (UDFT) level using the B97-D
functional149 and the TZVP basis set.114 S-T splittings were
calculated as ΔEST = ET − ES, computed as the vertical energy
di>erence between the lowest singlet (ES) and triplet (ET)
states, where the positive values indicate that the singlet is the
lower energy state. A measure for the total number of unpaired
electrons (NU) was calculated using eq 26.
In agreement with the results on directly coupled dimers138

and according to Ovchinnikov’s rule (eq 33) and Figure 15b,
the number of star and nonstar sites assigns a singlet spin state
to dimers 1 and 2 and a triplet spin state to dimer 3, assuming
that the acetylene bridge is involved in conjugation. S-T
splitting energies are collected in Table 2. A large positive S-T

splitting value is found for 1 (ΔEST = 0.92 eV). It is related to a
strong interaction due to the involvement of α atoms as
connectors between the two phenalenyl rings. This case aligns
well with Ovchinnikov’s rule, which predicts that 1 should have
a singlet ground state. A slightly negative value is observed for
3 (ΔEST = −0.004 eV), predicting a quasi-degeneracy of the
singlet and triplet states. Formally, the prediction by the
Ovchinnikov rule is correct but misses the quasi-degeneracy. A
tiny negative splitting is found for 2 (ΔEST = −0.003 eV),

Figure 14. Vertical excitation energies ΔE (eV) relative to (a) the optimized 3B1 structure and (b) to the 1A′ structure computed at the MR-CISD
+Q(6,6) level. Oscillator strengths refer to the singlet states (represented by the red vertical lines). For triplet states, black vertical lines only
indicate the energetic position of the electronic state. Adapted with permission from ref 122. Copyright 2023 American Chemical Society.

Figure 15. (a) Phenalenyl: α and symmetry equivalent C atoms
denote positions with SOMO contributions, whereas β positions do
not contribute to the SOMO, (b) phenalenyl dimers 1−3 linked
according to α/β positions; spin multiplicity given according to
Ovchinnikov’s rule.

Table 2. Singlet-Triplet Splitting Energies and NU,S (Singlet
State) and NU,T (Triplet State) Values for 1-3 Computed at
MR-AQCC Level

1 2 3

connection α,α β,β α,β
ΔEST (eV) 0.924 −0.003 −0.004
NU,S (e) 1.66 2.70 2.61
NU,T (e) 2.58 2.70 2.63
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