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Implementing Ordinary Differential Equation Solvers in Rust Programming 
Language for Modeling Vehicle Powertrain Systems 

 

Abstract 

Efficient and accurate ordinary differential equation (ODE) solvers 
are necessary for powertrain and vehicle dynamics modeling. 
However, current commercial ODE solvers can be financially 
prohibitive, leading to a need for accessible, effective, open-source 
ODE solvers designed for powertrain modeling. Rust is a compiled 
programming language that has the potential to be used for fast and 
easy-to-use powertrain models, given its exceptional computational 
performance, robust package ecosystem, and short time required for 
modelers to become proficient. However, of the three commonly 
used (>3,000 downloads) packages in Rust with ODE solver 
capabilities, only one has more than four numerical methods 
implemented, and none are designed specifically for modeling 
physical systems. Therefore, the goal of the Differential Equation 
System Solver (DESS) was to implement accurate ODE solvers in 
Rust designed for the component-based problems often seen in 
powertrain modeling. DESS is a text-based software package that 
provides a flexible framework for building and solving systems of 
ODEs. This allows DESS to be included as a dependency for 
automotive powertrain models that require a variety of solvers and 
solver configurations. Seven explicit ODE solver methods have been 
implemented in DESS: Euler’s, Heun’s, midpoint, Ralston’s, classic 
Runge-Kutta, Bogacki-Shampine, and Cash-Karp.  These represent 
five fixed-step methods and two adaptive-step methods. This paper 
shows that the solver implementations increase accuracy and 
computational efficiency compared to Euler's method when modeling 
a system of three thermal masses in Rust. DESS also includes 
features designed for modeling component-based physical systems. 
Users can define relationships between nodes in their system, which 
the package then translates into a system of equations, leading to 
simpler and more intuitive code. In the case of a three-thermal-mass 
system, the user can specify node thermal properties (e.g., thermal 
capacitance), how nodes are interconnected, and thermal conductance 
between nodes rather than providing a system of equations. The core 
contribution from this work is an open-source, text-based Rust 
package with ODE solvers for automotive powertrain modeling to 
support cost-free, fast, and accurate simulation. 

Introduction 

Effective powertrain models are essential tools for increasing 
efficiency and transitioning to lower carbon vehicle designs. 
Ordinary differential equations (ODEs) are important for powertrain 
modeling. However, these equations are often difficult or impossible 
to solve exactly, meaning the solutions must be estimated. There are 
numerous ODE solvers that can be implemented for this purpose with 
various levels of accuracy, computational efficiency, and complexity, 
several of which will be discussed later in this paper. However, the 
current high-level ODE solver implementations on the market can be 
prohibitively expensive. MATLAB, Mathematica, and Maple are 
examples of commercial software with ODE solver capabilities, and 
annual individual commercial licenses for each of these programs 
cost ~$1,000–$2,000 [1-3]. Rust is an open-source programming 
language with the potential to be a powerful and useful modeling 
tool, but it currently lacks versatility and options for solving ODEs 
[4-10]. Therefore, the aim of this research was to create an open-
source, text-based software in Rust implementing several ODE 

solvers, called the Differential Equation System Solver (DESS), 
tailored to the specific types of problems most often seen when 
modeling powertrain systems. 

The efficiency and ease-of-coding that Rust offers makes it the ideal 
language for an open-source ODE solver software intended to be 
used for powertrain modeling. Rust is faster than Python [4] and 
comparable in speed to the compiled language C++ [5], and Rust 
code is simpler and more concise than other comparable languages 
[5, 6]. However, there are few ODE solver options implemented in 
Rust. Current Rust packages with ODE solver capabilities tend to 
have few solvers implemented and lack some capabilities that are 
helpful for powertrain modeling. The most popular packages in Rust 
(those with more than 3,000 downloads) with ODE solver capabilities 
are “ode_solvers,” “mathru,” and “peroxide” [7]. Of those, 
“ode_solvers” has three different solvers [8], “peroxide” has four [9], 
and “mathru” has 15 different solvers to choose from [10]. Given the 
limited options for solving ODEs in Rust, a primary goal of DESS 
was to provide additional capabilities within Rust to solve systems of 
ODEs. So far, DESS implements seven solver types. For powertrain 
problems, one important type of ODE solver is the adaptive-step 
solver, which is not implemented at all in the "peroxide" package [9].  
DESS implements two adaptive solvers with different accuracy and 
complexity levels. Furthermore, “ode_solvers,” “mathru,” and 
“peroxide” all require users to write their own systems of equations 
[8-10]. While this may make sense for more generalized solvers, 
powertrain-specific problems benefit from conceptualizing the 
system in terms of the relationships between different components. 
Therefore, in addition to allowing users to directly input equations, 
DESS allows users to optionally specify and define relationships 
between nodes in their system, which the package then translates into 
a system of equations via the Rust macro system, leading to simpler 
and more intuitive code. DESS users can specify DESS as a 
dependency and follow provided examples of how to structure the 
system being solved to make use of DESS’s solvers with the option 
of building a Python API, also provided in examples within the 
package. The resulting program is a user-friendly, accessible tool that 
can be applied to current and future models to improve efficiency and 
accuracy. 

This work first describes the specific type of ODE problem to be 
solved as well as the methods implemented. It then discusses the 
implementation in Rust and how the accuracy of different solvers was 
measured. Finally, the paper discusses how the solver 
implementations affected accuracy and efficiency in two test cases, 
the limitations of DESS thus far, and capabilities and solvers that will 
be implemented in the future.

https://crates.io/crates/ode_solvers
https://crates.io/crates/mathru
https://crates.io/crates/peroxide


2 

This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications. 

Methods 

Initial Value Problem 

The purpose of DESS is to solve a specific type of first-order ODE, 
called an initial value problem (IVP) [11]. An IVP includes a system 
of ODEs and a set of initial values, which identify a specific solution 
to the ODE system [11]. Although DESS cannot directly solve 
higher-order ODEs, it is often possible to write higher-order ODEs as 
a system of first-order ODEs in state-space representation [11], 
allowing them to be solvable by DESS.  

ODE Solver Methods 

Need for Various Solvers 

DESS needed to easily handle the types of ODEs used in powertrain 
modeling and to effectively manage the trade-off between accuracy 
and computational efficiency. Therefore, different solvers were 
implemented in DESS for different scenarios. DESS needed basic 
methods to give rough estimates with very little computational cost. 
These were also easy to implement, so they could be used to 
troubleshoot more complex solvers. DESS also needed advanced 
solvers that could handle ODEs with high accuracy and high 
efficiency. With these goals in mind, two main solver types were 
implemented: explicit fixed-step solver methods and explicit 
adaptive-step solver methods. Explicit solver methods only need one 
initial value, whereas implicit methods require multiple initial values 
to solve a single ODE [11]. Given that the types of problems DESS 
aimed to solve only supplied one initial value per ODE, explicit 
solver methods were implemented in DESS. 

Explicit Fixed-Step Solver Methods 

Explicit fixed-step solver methods are the most basic type of ODE 
solver and serve as a useful demonstration for how ODE solvers 
work. Generally, one-step ODE solvers attempt to approximate the 
average derivative of the solution, 𝑦𝑦(𝑡𝑡), to the ODE over an interval 
of time ℎ [11]. Given this approximation (which we call k), the solver 
then adds 𝑘𝑘 ∗  ℎ to the initial value 𝑦𝑦(𝑡𝑡0) = 𝑥𝑥0 to get the 
approximate value at 𝑡𝑡0 + ℎ [11]. For fixed-step solvers, the time 
step, h, is fixed. A depiction of a single step of an ODE solver can be 
seen in Figure 1. 

The first fixed-step solver implemented in DESS was Euler's method  
[12], which is the most basic fixed-step method. This method 
approximates the average derivative for 𝑦𝑦(𝑡𝑡) over the time step h by 
taking the initial value 𝑦𝑦(𝑡𝑡0) = 𝑥𝑥0 and initial time 𝑡𝑡0 and calculating 
𝑦𝑦′(𝑡𝑡0) =  𝑓𝑓�𝑡𝑡0,𝑦𝑦(𝑡𝑡0)� =  𝑓𝑓(𝑡𝑡0, 𝑥𝑥0). The estimation for 𝑦𝑦(𝑡𝑡0 +  ℎ) is 
then calculated by taking  𝑥𝑥0 + 𝑓𝑓(𝑡𝑡0, 𝑥𝑥0) ∗ ℎ. 

Note that this method has the potential to be very inaccurate for large 
time steps but can be very accurate for many functions if a small 
enough time step is chosen (with the downside of added 
computational cost). As a result, when testing the accuracy of solvers 
and troubleshooting, an Euler's method approximation with a very 
small time step was used as a baseline. In general, the accuracy of an 
ODE solver increases with smaller time steps [11]. See Figure 2 for a 
comparison of the accuracy of Euler’s method for three different time 
step sizes.   

 
Figure 1. Depiction of a single step of an ODE solver. 

 
Figure 2. Accuracy of Euler’s method for different step sizes, for the parabola 
y = −(x − 10)2 + 100. Note that the accuracy increases as the time steps 
decrease in size. 

The fixed-step methods implemented were all Runge-Kutta (RK) 
methods (with Euler's method being the most basic RK method). 
Broadly, RK methods use derivative estimations at various points 
along the time step h to create an overall estimation for the average 
derivative that is more accurate than any one of the original 
estimations [11].Each additional estimation is obtained recursively 
through previous ones [11]. The general formula for any RK method 
is defined in equation (1). RK methods then calculate 𝑦𝑦(𝑡𝑡0) + 𝑘𝑘ℎ to 
be the estimation of 𝑦𝑦(𝑡𝑡0 + ℎ) [11]. 

𝑘𝑘1 = 𝑓𝑓�𝑡𝑡0,𝑦𝑦(𝑡𝑡0)� 

𝑘𝑘2 = 𝑓𝑓(𝑡𝑡0 + 𝑝𝑝1ℎ,𝑦𝑦(𝑡𝑡0) + 𝑞𝑞11𝑘𝑘1ℎ) 

𝑘𝑘3 = 𝑓𝑓(𝑡𝑡0 + 𝑝𝑝2ℎ,𝑦𝑦(𝑡𝑡0) + 𝑞𝑞21𝑘𝑘1ℎ + 𝑞𝑞22𝑘𝑘2ℎ) 

⋮ 
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𝑘𝑘𝑛𝑛 = 𝑓𝑓(𝑡𝑡0 + 𝑝𝑝𝑛𝑛−1ℎ,𝑦𝑦(𝑡𝑡0) + 𝑞𝑞𝑛𝑛−1,1𝑘𝑘1ℎ + 𝑞𝑞𝑛𝑛−1,2𝑘𝑘2ℎ + ⋯ 
 

           +𝑞𝑞𝑛𝑛−1,𝑛𝑛−1𝑘𝑘𝑛𝑛−1ℎ)                                                   

𝑘𝑘 = 𝑎𝑎1𝑘𝑘1 + 𝑎𝑎2𝑘𝑘2 + ⋯+ 𝑎𝑎𝑛𝑛𝑘𝑘𝑛𝑛 

(1) 

Where, 
𝑘𝑘1, … , 𝑘𝑘𝑛𝑛 = intermediate estimated average derivatives  
𝑘𝑘 = final estimated average derivative 
𝑡𝑡0 = initial time 
ℎ = time step 
𝑦𝑦(𝑡𝑡0) = initial value at 𝑡𝑡0 
𝑎𝑎1, … ,𝑎𝑎𝑛𝑛, 𝑝𝑝1, … , 𝑝𝑝𝑛𝑛−1, 𝑞𝑞11, … , 𝑞𝑞𝑛𝑛−1,𝑛𝑛−1 = constants that depend on 
the specific Runge-Kutta method [11]. 

DESS includes five fixed-step RK methods in total: Euler's method 
[12], Heun's method [13], midpoint method [14], Ralston's method 
[15], and the classic Runge-Kutta method (RK4) [16]. For methods of 
greater order, a greater number of intermediate calculation stages is 
required [11]. Therefore, for the same constant time step across all 
methods, Euler's method is the least accurate as a first-order method 
with one stage; Heun's method, midpoint method, and Ralston's 
method are second-order methods with two stages and relatively 
higher accuracy; and the RK4 method, a fourth-order method with 
four stages, is the most accurate of the fixed-step solvers 
implemented in DESS [11]. With increased accuracy comes 
increased complexity, so for the same time step, Euler's method will 
be the most computationally efficient. 

Explicit Adaptive-Step Solver Methods 

Fixed-step methods can be effective for simple problems, for use as 
benchmarks, and for troubleshooting. However, powertrain models 
often need to handle fast transients, which might require a small time 
step to be accurate, and periods of slower change, where a larger time 
step would be sufficient and would save computational time and 
energy. For instance, in modeling a vehicle with engine stop/start 
behavior (e.g., any hybrid powertrain), larger time steps (e.g., 60 s) 
would be sufficiently accurate during the stops, and smaller time 
steps would be needed while the vehicle is in motion. It is for these 
types of cases that adaptive-step solver methods are used. 

Adaptive-step solver methods use a varied time step based on a 
function’s behavior at a given point in time, rather than a fixed time 
step. For this reason, they are often the better choice when 
approximating functions that have periods of fast change and periods 
of slow change. Two adaptive-step solvers were implemented in 
DESS: the Bogacki-Shampine (RK23) method and the Cash-Karp 
(RK45) method. The RK23 method was first introduced by Dr. 
Przemyslaw Bogacki and Dr. Lawrence Shampine in their 1989 paper 
titled “A 3(2) Pair of Runge-Kutta Formulas” [17]. In 1990, Dr. Jeff 
Cash and Dr. Alan Karp introduced the RK45 method in their paper 
titled “A Variable Order Runge-Kutta Method for Initial Value 
Problems with Rapidly Varying Right-Hand Sides” [18]. Both 
methods use as their basis two Runge-Kutta methods of different 
order [17, 18]. In the case of the RK23 method, the solver uses one 
Runge-Kutta method of order two (with four stages), and one of order 
three (with three stages) [17]. In the case of the RK45 method, one 
Runge-Kutta method of order four is used, and one of order five is 
used (each with six stages) [18].  

These adaptive solvers work by calculating two different Runge-
Kutta solvers (of different order) for each step and comparing the 
results to get a rough estimate of the error [17, 18]. If the difference 

between the two solvers is less than a previously specified error 
tolerance (in relative or absolute error, depending on which is 
smaller), then the step is successful [17, 18]. The solver then steps 
forward using the found time step with the higher-order solver 
estimation [17, 18]. If the difference between the two solvers does 
not meet the specified error tolerance, then the step is repeated with a 
smaller time step [17, 18]. See Figure 3 for a representation of a 
single step of an adaptive-step ODE solver. 

 

Figure 3. Depiction of a single step of an adaptive-step solver. 

The RK23 method and the RK45 method each have ways of keeping 
the computational cost low throughout this process. See equation (2) 
for the RK23 algorithm. Note that the second- and third-order 
methods used in RK23 reuse three of the same stages, meaning that 
doing both methods requires very little additional computational cost. 
Furthermore, the calculation for the third-order method is reused to 
make the second-order method more robust while adding little to no 
computational cost. In a similar manner, the RK45 method also 
reuses stages to keep the computational cost low [18]. See the 
appendix for the full algorithm of the RK45 method. 

𝑘𝑘1 = 𝑓𝑓�𝑡𝑡0,𝑦𝑦(𝑡𝑡0)� 

𝑘𝑘2 = 𝑓𝑓 �𝑡𝑡0 +
1
2ℎ,𝑦𝑦(𝑡𝑡0) +

1
2 𝑘𝑘1ℎ� 

𝑘𝑘3 = 𝑓𝑓 �𝑡𝑡0 +
3
4ℎ,𝑦𝑦(𝑡𝑡0) +

3
4 𝑘𝑘2ℎ� 

𝑂𝑂3 = 𝑦𝑦(𝑡𝑡0) +
2
9
𝑘𝑘1ℎ +

1
3
𝑘𝑘2ℎ +

4
9
𝑘𝑘3ℎ 

𝑘𝑘4 = 𝑓𝑓(𝑡𝑡0 + ℎ,𝑂𝑂3) 

𝑂𝑂2 = 𝑦𝑦(𝑡𝑡0) +
7

24 𝑘𝑘1ℎ +
1
4 𝑘𝑘2ℎ +

1
3 𝑘𝑘3ℎ +

1
8 𝑘𝑘4ℎ 

(2) 

Where, 
𝑘𝑘1, … , 𝑘𝑘𝑛𝑛 = intermediate estimated average derivatives 
𝑡𝑡0 = initial time 
𝑦𝑦(𝑡𝑡0) = initial value 
ℎ = current time step 
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𝑂𝑂2 = estimated value for the second-order Runge-Kutta method 
𝑂𝑂3 = estimated value for the third-order Runge-Kutta method [17]. 

Solver Implementation in Rust 

As the simplest method, Euler's method was implemented first as a 
benchmark and to troubleshoot later solvers. For testing purposes, 
two systems of interacting thermal masses were chosen. Given that 
the systems were simple and their behavior known, these systems 
were able to flag any inaccurate or incorrect behavior by the solvers 
to ensure the solvers were producing accurate and realistic results.  

The solver environment in DESS includes various parameters that 
can be updated by the user, depending on the type of solver used. For 
the fixed-step solvers, the user inputs the time step. For the adaptive-
step solvers, there are several parameters to give the user control over 
the process, including the initial time step, maximum time step (the 
upper bound on the time step chosen by the solver), maximum 
number of iterations before the solver moves on without reaching 
error tolerance, acceptable relative error, acceptable actual error, and 
whether to save the solver history. All the implemented solvers work 
with vectors rather than single numbers and therefore can solve a 
system of ODEs simultaneously. 

The user must also add the derivative of the equation(s) for which a 
solution is required. This is done through a Rust macro that updates 
the derivatives of the system when given a set of user-defined values 
and times. The macro updating the derivative is the only required 
user-defined step, with all other required macros and functions 
already defined within the program. Allowing the user to define the 
derivative macro also gives the user the freedom to define the 
derivative as a set of interconnected components rather than using an 
explicit function (although this is also possible). To assist with this 
step, DESS also includes a macro that can create equations from 
systems of interconnected nodes. For more information, see the 
DESS GitHub: https://github.com/NREL/de-system-solver. 

Methods of Error Estimation 

Relative and absolute error definitions were necessary to test method 
implementations, quantify accuracy, and enable adaptive solvers 
within DESS. The absolute error was defined as the difference 
between the solver output and the baseline when measuring the actual 
error. When estimating the absolute error within the adaptive-step 
methods, the estimated absolute error was defined as the difference 
between the two estimates calculated as part of the adaptive-step 
method. The relative error definition for measuring actual relative 
error can be found in equation (3). To minimize the cases where 
relative error could not be calculated due to the denominator being 
zero, DESS used a definition of relative error that normalized the 
error using the average of the actual (baseline) and estimated (solver 
produced) values. For estimating relative error within the adaptive-
step solvers, the higher order estimate was used in place of the 
average. 

average =
actual +  estimated

2  

relative error =
actual −  estimated

average  

(3) 

If relative error is undefined because both actual and estimated values 
are exactly zero (or if the two values are exact opposites and 

therefore cancel each other out), then absolute error is used. If both 
relative and absolute errors exist, the smaller of the two values is 
used as the error. In the case of the adaptive-step solvers, this means 
that if either the relative or absolute error threshold is met, the step 
will succeed, and the solver will move on to the next step. Typically, 
relative errors are preferable because normalized relative errors can 
be compared across cases with different magnitudes of model 
variables. However, when dealing with very small actual and 
estimated values, such as when the function being modeled goes to 
zero, relative error can sometimes blow up (because dividing by a 
very small denominator can produce very large values), resulting in 
error measurements out of proportion to the actual error present. 
Therefore, choosing the smaller of the relative and absolute errors 
ensures that if the relative error is producing unrealistically large 
outputs, it does not affect the measured error. 

DESS also includes two tests to compare the accuracy of the different 
methods. Both tests compare each solver method to a baseline to 
judge the accuracy of each solver. The first test compares the values 
in the baseline with the values in the given method. It returns “true” if 
all the errors were within the relative/absolute error tolerance and 
“false” otherwise. The second test returns the average absolute error 
between the baseline and chosen method. This test is useful to 
compare the exact performance of different solvers for a specific 
system of ODEs. DESS also includes tests specifically for the 
adaptive solvers. These include a test that outputs the average time 
step of an adaptive method when solving a specific system, as well as 
a test measuring how many iterations the adaptive solver needs for 
each time step. Finally, DESS also includes the option to build a 
Python API, which uses the Rust solvers but adds additional 
capabilities such as the ability to plot solver outputs and time the 
solver calculations to compare computational efficiency between 
solvers. 

Results and Discussion 

Accuracy of Implemented Solvers 

To test the accuracy and efficiency of the solver implementations in 
DESS, two systems of three interacting (via heat transfer coefficients) 
thermal masses were implemented in DESS. A baseline for each 
system was created using Euler's method with a step size of 5−10s for 
a high level of accuracy, and the systems were modeled over a 1 s 
time period. See Figure 4 for a visualization of the systems used to 
test DESS. 

 

Figure 4. Depiction of both thermal mass systems used to test DESS. 

The accuracy of each solver was compared for each system by 
calculating the average absolute error for each method for three 
different time steps. Parameters were chosen for the adaptive-step 

https://github.com/NREL/de-system-solver
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solvers such that they produced an average time step equal to the 
fixed time steps. Since each thermal mass system modeled the heat of 
three different interacting nodes, the result was three different 
models, one for each node. Therefore, overall average accuracy was 
obtained by averaging the accuracy for each of the three models. The 
results are found in Tables 1 and 2. 

Table 1. Average accuracy of each method for three different time steps for 
the first three-thermal-mass system. For adaptive-step solvers, the average 
time step was used. 

h 0.1 s 0.05 s 0.01 s 

Euler's 1.19 × 10-1 °C 6.17 × 10-2 °C 1.26 × 10-2 °C 

Heun's 3.77 × 10-2 °C 6.36 × 10-3 °C 2.16 × 10-4 °C 

Midpoint 3.77 × 10-2 °C 6.36 × 10-3 °C 2.16 × 10-4 °C 

Ralston's 3.77 × 10-2 °C 6.36 × 10-3 °C 2.16 × 10-4 °C 

RK23 2.68 × 10-2 °C 2.99 × 10-4 °C 5.03 × 10-7 °C 

RK4 1.14 × 10-3 °C 4.87 × 10-5 °C 6.04 × 10-8 °C 

RK45 9.35 × 10-6 °C 1.46 × 10-7 °C 5.60 × 10-9 °C 

Table 2. Average accuracy of each method for three different time steps for 
the second three-thermal-mass system. For adaptive-step solvers, the average 
time step was used. 

h 0.1 s 0.05 s 0.01 s 

Euler's 6.80 × 10-2 °C 1.76 × 10-2 °C 3.59 × 10-3 °C 

Heun's 3.90 × 10-2 °C 6.24 × 10-3 °C 1.39 × 10-4 °C 

Midpoint 3.27 × 10-2 °C 5.96 × 10-3 °C 1.43 × 10-4 °C 

Ralston's 2.38 × 10-2 °C 8.73 × 10-3 °C 9.53 × 10-5 °C 

RK23 1.14 × 10-2 °C 9.36 × 10-3 °C 4.15 × 10-5 °C 

RK4 5.12 × 10-3 °C 1.75 × 10-3 °C 8.67 × 10-7 °C 

RK45 5.76 × 10-3 °C 7.69 × 10-4 °C 9.24 × 10-6 °C 

These results show that for the given time steps, methods of higher 
order tend to produce more accurate results, which makes sense for 
properly implemented solvers. More importantly, the two adaptive-
step methods often produced results of the same or higher magnitude 
of accuracy compared to their fixed-step counterparts for the same 
average time step. This is most clearly illustrated in the first system 
of thermal masses, where the RK23 method produces more accurate 
results for a given time step than the RK second-order methods, and 
the RK45 method produces more accurate results than the RK fourth-
order method. In the second system of thermal masses, it is notable 
that for very small time steps, RK4 ended up being more accurate 
than RK45, in an exception to the trend of the adaptive solvers being 
more accurate for the same average time step. 

Efficiency of Implemented Solvers 

The computational time was also calculated for each method for 
several different accuracy levels. Computational time is meant as a 
relative measure, as different hardware will likely produce faster or 
slower overall results. For each solver, computational time was 
calculated by reproducing the same model 10 different times and 
averaging the computational time taken for each repetition. Results 
can be found in Figures 5 and 6. 

Figure 5. Absolute error of each solver for various computational times, for 
the first system of thermal masses. 

 
Figure 6. Absolute error of each solver for various computational times, for 
the second system of thermal masses. 

For rough estimates, Euler's method is the most efficient. However, 
for estimates requiring more accuracy, Euler's method quickly 
becomes more computationally expensive, and the higher-order 
methods become more efficient for the same level of accuracy. 
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Overall, the adaptive solvers tend to be more computationally 
efficient than the comparable fixed-step methods for high levels of 
accuracy, although for lower levels of accuracy the fixed-step 
methods are sometimes more efficient. One notable exception can be 
found in the second system of thermal masses, where RK4 ends up 
being more computationally efficient than RK45, even for high levels 
of accuracy. This could be due to the increased complexity of the 
second thermal mass system, which necessitates an increased number 
of iterations and decreased step size for RK45, negating some of the 
adaptive-step solver's efficiency benefits. 

Current Limitations of the Data and Solvers 

DESS has only been tested on two systems of thermal masses. 
Therefore, the robustness of the package will be further supported 
with additional test cases in a future DESS update. Furthermore, all 
the solvers implemented in DESS are explicit ODE solvers. Although 
there are many ODEs for which these solvers can be very effective, 
fixed and adaptive explicit solvers may not be sufficient for systems 
with functions that change magnitude very quickly or have a sudden 
change in boundary condition or behavioral regime (often called 
“stiff” functions).  We intend to release a future update that will add 
more sophisticated solvers (e.g., implicit solvers) as well as more 
complicated examples, such as higher-order systems and nested 
systems with self-contained solvers that sync up at some user-
specified or calculated time step interval.   

Conclusion and Future Work 

DESS demonstrates an implementation of ODE solvers in Rust that 
allows for flexibility and the use of a variety of solvers and enhances 
ease-of-use for powertrain modeling. The solvers in DESS are 
implemented in such a way that the user can specify relationships 
between different nodes, which DESS translates into a system of 
equations. It is often easier to conceptualize a system in terms of 
relationships between different nodes rather than as a system of 
ODEs, making this capability very useful. It is also clear that the 
adaptive solvers implemented in DESS have the potential to increase 
accuracy while also decreasing computational cost for more accurate 
estimates. However, there are certain cases where the fixed-step 
solvers (especially the classic Runge-Kutta fourth-order method 
(RK4)), will be the most computationally efficient and accurate, as 
can be seen in the results for the second system of thermal masses, 
where RK4 is more efficient than the Cash-Karp adaptive-step 
method (RK45), even for very accurate results. The method of error 
estimation for the adaptive-step solvers means that if the function 
being estimated has a derivative that changes very quickly, the two 
function estimations made by the adaptive-step solver might deviate, 
leading to larger error estimations and a greater number of repeated 
solver steps. It is possible this could cause the decrease in efficiency 
seen in the data for RK45 and lead to occasions where the fixed-step 
solvers will be more efficient. For less accurate estimates, Euler's 
method still tends to be the best option because it can give a rough 
estimate at very low computational cost. 

There are several additional capabilities that will be implemented in 
future versions of DESS to increase the program's capabilities and 
promote ease of use. All the solvers implemented so far have been 
explicit solvers, which have limitations on the types of ODEs they 
can effectively solve. Implicit solvers (which require a few initial 
data points instead of just one) are better able to handle stiff functions 
[11]. Therefore, future versions of DESS will include some implicit 
solvers to increase the versatility of the program. Also, unit-checking 
capabilities are being developed for future versions of DESS, which 
will help ensure that unit errors are not made when using DESS to 
create models. 
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Appendix 

Cash-Karp Method [18] 

𝑘𝑘1 = 𝑓𝑓�𝑡𝑡0,𝑦𝑦(𝑡𝑡0)� 

𝑘𝑘2 = 𝑓𝑓(𝑡𝑡0 +
1
5ℎ,𝑦𝑦(𝑡𝑡0) +

1
5 𝑘𝑘1ℎ) 

𝑘𝑘3 = 𝑓𝑓(𝑡𝑡0 +
3

10ℎ,𝑦𝑦(𝑡𝑡0) +
3

40 𝑘𝑘1ℎ +
9

40 𝑘𝑘2ℎ) 

𝑘𝑘4 = 𝑓𝑓(𝑡𝑡0 +
3
5ℎ,𝑦𝑦(𝑡𝑡0) +

3
10 𝑘𝑘1ℎ −

9
10 𝑘𝑘2ℎ +

6
5 𝑘𝑘3ℎ) 

𝑘𝑘5 = 𝑓𝑓(𝑡𝑡0 + ℎ,𝑦𝑦(𝑡𝑡0) −
11
54 𝑘𝑘1ℎ +

5
2 𝑘𝑘2ℎ −

71
27 𝑘𝑘3ℎ +

35
27 𝑘𝑘4ℎ) 

𝑘𝑘6 = 𝑓𝑓(𝑡𝑡0 +
7
8ℎ,𝑦𝑦(𝑡𝑡0) +

1631
55296 𝑘𝑘1ℎ +

175
512 𝑘𝑘2ℎ +

575
13824 𝑘𝑘3ℎ 

          +
44275

110592 𝑘𝑘4ℎ +
253

4096 𝑘𝑘4ℎ) 

𝑂𝑂5 = 𝑦𝑦(𝑡𝑡0) +
37

328ℎ𝑘𝑘1 +
250
621ℎ𝑘𝑘3 +

125
594ℎ𝑘𝑘4 +

512
1771 ℎ𝑘𝑘6 

𝑂𝑂4 = 𝑦𝑦(𝑡𝑡0) +
2825

27648 ℎ𝑘𝑘1 +
18575
48384 ℎ𝑘𝑘3 +

13525
55296ℎ𝑘𝑘4 +

277
14336 ℎ𝑘𝑘5 

           +
1
4ℎ𝑘𝑘6 

(1) 

Where, 
𝑘𝑘1, 𝑘𝑘2,𝑘𝑘3, 𝑘𝑘4,𝑘𝑘5, 𝑘𝑘6 = intermediate estimated average derivatives 
𝑡𝑡0 = initial time 
ℎ = time step 
𝑦𝑦(𝑡𝑡0) = initial value at 𝑡𝑡0 
𝑂𝑂5 = estimated fifth-order solution 
𝑂𝑂4 = estimated fourth-order solution 


